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5.1.89 Results for File definitionsl.r0.txt
## Basic Definitions

## Source: [Andrews 2002 (ISBN 1-4020-0763-9), p. 212]

## Copyright (c) 2015 Owl of Minerva Press GmbH. All rights reserved.
## Written by Ken Kubota (<mail@kenkubota.de>).

#4 This file is part of the work “On the Theory of Mathematical Forms”.
## For more information visit: <http://dx.doi.org/10.4444/100.10>

#+4 Definition of truth
= T =opw=w=w

# WH 12 === = T

#+# Definition of falsehood
= F =4000)(00) [ANo- To|[ATo.T0]
#wif 20 : =[x T] [Az.z], = F

#+# Definition of the universal quantifier (with type abstraction)

=V [)\tT'[)\pot-(:o(ot)(ot)[)\mt'To]pot)o](o(ot))]
Ewl 29 DEDR (=D TPy, = Y

#74 Definition of the conjunction
= A [)\xcr[)\yo-<:oww[)‘gooo-(gaaoToTo)O][)\gooo~(gooox0y0)o])o}(oo)]
# wit 47 Az Ay (=[Ag- (9T T [Ag-(9zyY)]ooe = A

#7+ Definition of the implication

= D [)\xo-[)\yo-(:oooxo(/\ooo-xoyO))O](oo)]
B R VA

#+# Definition of the negation
~ P\ao-(:oooFoao)o]
# wif 57 Xa.(=Fa)l,, =~

#+# Definition of the disjunction
=V [)\ao-[)\bo-(Noo(/\ooo(Nooao)(Noobo)) o](oo)}
Ewl o 65 0 A~ (A (~a) (~ b))

Jooo
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5.1. Output Files

#4# Definition of the existential quantifier (with type abstraction)
= J [)\t‘r'[)‘pot-('\‘oo(:o(ot)(ot)[)\xt‘To] P\xt-(Noo(potxt))o]))o](o(ot))]
pwlE 125 DR~ (= DT D (e e o, = 2

#+# Definition of inequality
= # [)‘xw‘[)‘yw-(NOO(:owwxwyw))o}(ow)]
#wif 79 Az dy(~ (=29l = #

5.1.90 Results for File definitions2.r0.txt

##

## Further Definitions

##

##

## Source: [Andrews 2002 (ISBN 1-4020-0763-9), pp. 231, 233]

##

## Copyright (c) 2015 Owl of Minerva Press GmbH. All rights reserved.
##  Written by Ken Kubota (<mail@kenkubota.de>).

#H#

## This file is part of the work “On the Theory of Mathematical Forms”.
## For more information visit: <http://dx.doi.org/10.4444/100.10>

ki

<< definitions1.r0.txt

## Definition of the subset

= C [)\tT.[)\.Tot.[)\yot-(VO(O\g)TtT[)\Zt'(DOOO(;UOtZt)(yot’zt))O])O](O(Ot))](O(Ot)(Ot) }
#wif 92 [AL[Az [ Ay (VE [A2.(D (2 2) (Y 2)D ] o(ora) (0\3)r = C

#+# Definition of the power set

=P [)‘tT'[)‘yot'[Al‘m‘/'(g0(0\4)(0\3)7tT$0ty0t)O](o(ot))](o(ot)(ot))]
# wit 103 (A [Ay- Az (St 2z y)]]] oo\ a)(0\3) =

#+# Definition of the uniqueness quantifier (with type abstraction)
= I [Mr[Apot-(Fo(o\3)rtr [AYt-(Zo(0t) (o) Pot (FottUt) o] o] (o(ot))]
N S T S £ VA VA P W e VS

5.1.91 Results for File definitions3.r0.txt

s

## New Definitions

##

##

## Source: [Kubota 2015 (doi: 10.4444/100.10)]

##

#4# Copyright (c) 2015 Owl of Minerva Press GmbH. All rights reserved.
## Written by Ken Kubota (<mail@kenkubota.de>).
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##
## This file is part of the work “On the Theory of Mathematical Forms”.

## For more information visit: <http://dx.doi.org/10.4444/100.10>
ki

<< definitions2.r0.txt

#+# Definition of the universal set

=V [Axy,.Ty)

# wit 113 Az.T],, =V
#7+ Definition of the empty set

= 0 [May.F,]

# wif 114 Az .F|,, =0

#7# Definition of the polymorphic identity relation helper function
= == [Ar.[Aze.[Aye-(Zoumiyt)o] (o)) (ott)]
# wif 119 Atz Ay (= 2z y)]]] 5027 = ==

#+# Definition of the polymorphic non-identity relation helper function
=== P‘tﬂ"P‘xt-[)‘yt-(NOO(:ottxt?Jt))0](ot)](ott)]
gl 126 0 MDeDw(~ (Fog) g = ==

#+# Definition of the polymorphic descriptor helper function

= 1 [)\tT'[)\$Ot'(l/t(0t)x0t)t](t(ot))]

#4# Definition of exclusive disjunction (logical exclusive “or”, XOR)
= XOR [A7o.[M\o-(~00(Z000T0¥0))o](00)]
# wif 135 Az [Ay.(~ (=2 Y)]] oo = XOR

#74 Definition of commutativity
= COMMT [Mr.[Afer-(Zott(freeweye) (freeyee) o) (o(eer))]
gt 147 0 G0 Fuo)laanng, = COMMT

#7 Definition of associativity
= ASSOC [Mr [ fue-(=ott(free (freeweye) ze) (frrexe(freyeze)) o) (o(eee))]
# wit 159 A= (fry)2) (f 2 (fy2)]lopaas)r = AS50C

5.1.92 Results for File group.r0.txt

iiia

## Groups

##

##

## Source: [Kubota 2015 (doi: 10.4444/100.10)]

##

## Copyright (c) 2015 Owl of Minerva Press GmbH. All rights reserved.
## Written by Ken Kubota (<mail@kenkubota.de>).
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5.1. Output Files

##
## This file is part of the work “On the Theory of Mathematical Forms”.

## For more information visit: <http://dx.doi.org/10.4444/100.10>
ki

<< basics.r0.txt

## 1.  Associativity

= GrpAss ...
- -Vo(o\S)TgT[)‘ag~(vo(o\3)797[/\bg-(vo(o\?))rgr[)‘Cg-(:ogg(lggg (lggggbg)cg) (lgggag(lgggbycq)))o))ol)o]
# wit 233 Vg[Aa.(Vg[Ab.(Vg[Ae.(=((lab)c) (la(lbc))])])], = GrpAss

#4 .2: Identity element
== Grpldy Vo(o\?,)TgT[Aag-(/\mm(:oyg(lgggageg)ag)(:ow(lgggegag)ag))o]
# wit 245 Vglha.(AN(=(lae)a)(=(lea)a))] = Grpldy

o

#4 .3: Inverse element
== Grplnv Vo(o\:%)TQT[)‘ag-(ao(o\:a)vgr[)\bg-(/\ooo(ZOgg(lgggagbg)e )(Z0gg(lgggbgag)eg))o))o]

g
# wif 257 Vgl[Aa.(3g[Ab.(A(=(lab)e) (=(lba)e))])], = Grplnv
##
## Definition of group (all three group properties combined)
##

= Grp [)\gT.[)\lggg.(/\OOOGTpASSO(EIO(O\g,)TgT[)\eg.(AOOOGrpIdyOGTpInvO)O]))O](O(ggg))]
# wif 266 : [Ag.[AL.(AGrpAss (3 g [Ne.(AGrpldy Grp]nv)]))]]o(\4\4\3)T = Grp

#+# Group property identity element only (with identity element abstracted)
== GrpldO [Agr.[Nygg-[Neg-Grpldyol(og)](og(gg9))]
#wif 270 : [Ag.[AL[Ae.GrpIdy]l] p\504\4\3)r = GrpldO

5.1.93 Results for File group_ identity__element_ unique.r0.txt

#H#

## Uniqueness of the Group Identity Element

##

##

## Source: [Kubota 2015 (doi: 10.4444/100.10)]

##

## Copyright (c) 2015 Owl of Minerva Press GmbH. All rights reserved.
##  Written by Ken Kubota (<mail@kenkubota.de>).

## This file is part of the work “On the Theory of Mathematical Forms”.
## For more information visit: <http://dx.doi.org/10.4444/100.10>
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<< basics.r0.txt
<< K8005.r0.txt
<< group.r0.txt

## shorthands
= SHYPTH Nooo(Nooo(GTPo(\1\2\3)rIrlggg) (GTPIAO o\ 30\ 4\a\3)r rlgggey)) - - -
- (GrpldO g\ 30\ a\1\3)r97lggg [g)

# wif 1446 : A (AN (Grpgl) (GrpIdO gle)) (GrpIdO gl f), = $HYPTH
= $TMPDED vo(o\S)TQT[/\ag-(/\ooo(:ogg (lggggfg)ag)(Zogg(lggg fgag)ag))ol
# wif 1457 Vglha.(AN(=(laf)a)(=(lfa)a)), = $TMPDED

## .1: Let (g,]) be a group, and e and f identity elements of it

%K 8005
# Dxx = KB8005
# Do00ToTo = K8005

## use Proof Template A5221 (Sub): B — B [x/A]

= $B5221 %0

# wit 1357 DT T,,.. = $B5221 K8005

= $T75221 o

# wif 2 or = $75221

= $X5221 =z,

# wit 16 : To = $X5221

= $A5221 Nooo(Mooo(GTPo(\a\1\3)7Irlggg) (GTPIAO 5\ 30\a\2\3)7 I7lgg9€9) ) (GTPIAO 0\ 30\ 4\\3)r Irlggq fg)
# wif 1446 : N (AN (Grpgl) (GrpIdO gle)) (GrpldO gl f), = $A45221 $HYPTH
<< A5221.r0t.txt

= $B5221

= $75221

= $X5221

= $A5221

.= $FULLH %0
# wit 1494 OD$HYPTHSHY PTH,, . = $FULLH

## 2. Proofof H D e*f=e

%SFULLH
# D$HYPTHSHYPTH .= $FULLH
# DoooSHY PTH,$HY PTH, = $SFULLH

#+# use Proof Template K8019H: HOD (AAB) — HDA HDB
:= $HS019H %0

# wit 1494 S>$HY PTH $HYPTHO,“_ = $FULLH $HS8019H
<< K8019H.r0t.txt

= $HS8019H

%$B8019H

4 SS$HYPTH (GrpldOglf) = $BSOIOH

i Do0oSHY PTHo(GrpldO )\ 30\4\4\3)797lgg9.f) = $B8019H
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Output Files

= $A8019H

:= $B8019H

%0

# D$HY PTH (GrpldO gl f)

# DOOO$HYPTHO(GTpIdOO\g(\4\4\3)Tg7—lgggfg)
§\ GrpldO, 30\a\4\3)-9r

# = (GrpldO g) [\l.[Ae.Grpldy]]

§s %1 12 %0

# D$HY PTH ([Al.[Ae.Grpldy]]l f)

S\ [Mggg-[Aeg-GrpIdyo](og))lggg

# = ([Al.[Ae.Grpldy]]l) [Ne.Grpldy]

§s %1 6 %0

# DSHY PTH ([\e.Grpldy] f)

§\ [Neg.Grpldy,)f,

# = ([Me.Grpldy] f)$STMPDED

§s %1 3 %0

# D$HYPTHSTMPDED

#+# use Proof Template A5215H (VI): HDVx:B — H D B [x/a
= $T5215H g,

# wit 1371 gr = $T5215H

= $X5215H agrsoisy

4wt 1375 - agrsysy = $XB5215H

= $A5215H egrsoisy

# wif 1397 : €ST5215H = $A5215H

= $H5215H %0

# wit 1872 D$HYPTHS$TMPDED, = $H5215H
<< A5215H.r0t.txt

= $T5215H

= $X5215H

= $A5215H

= $H5215H

%0

# DSHYPTH (A(=(lef)e)(=(lfe)e))

7 D0003HY PTH o(Nooo(=ogg(lggg€qfg)eg)(=ogg(lggg fo€g)eg))

#+ use Proof Template K8019H: HD> (AAB) — HDODA HDOB
:= $HS019H %0

# wif 1943 ODSHYPTH (AN (=(lef)e)(=(fe)e)),
<< K8019H.r0t.txt

= $HS8019H

%$A8019H

$H8019H

4 SSHYPTH (=(lef)e) = $AS019H
# Do0oSHY PTH o(=0g4(lggg€qfq)€q) = $A8019H
= $A8019H
= $B8019H

= SEIDTY %0
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4 wif 1984 : S$HYPTH (=(lef)e), := $EIDTY

## .3: Proofof H D e*f=f

# D$HYPTHSHYPTH .= $FULLH
# DoooSHY PTH,$HY PTH, = $SFULLH

#+4# use Proof Template K8019H: HD> (AAB) — HDODA HDOB

= $HS8019H %0

# wit 1494 O$HYPTHSHY PTH,, . = $H8019H

<< K8019H.r0t.txt

= $H8019H

%$A8019H

# D3HY PTH (A (Grpgl) (GrpIdOgle)) = $A8019H
# Do0oS HY PT Ho(Nooo (GTPo(\a\2\3)r Irlggg) (GTPIAO o\ 30\4\a\3)~ Irlggg€y))
$A8019H

= $A8019H

$B8019H

#+# use Proof Template K8019H: HOD (AAB) — HDA HDB
= $H8019H %0

# wff 1788 : D$HY PTH (AN (Grpgl) (GrpldOgle)), = $H8019H
<< K8019H.r0t.txt

= $HS8019H

%$B8019H

# D$HY PTH (GrpldOgle) = $B8019H

4 SoooSHY PTHo(GrpldOg 50 a3y 9-logo€) = $BSOIOH
= $A8019H

:= $B8019H

§\ GrpldOg\30\4\3)r97
# = (GrpldO g) [Al.[Ae.Grpldy]]
§s %1 12 %0

# DSHY PTH ([ANl.[Ae.Grpldy]]le)
S\ [Myggg-[Aeg-Grpldyo)(og)llggg

# = ([Al.[Ae.Grpldy]]l) [Ne.Grpldy]
§s %1 6 %0

# D$HY PTH ([Ae.Grpldy]|e)

§\ [Neg.Grpldy,ley

# = ([Ae.Grpldy]e) Grpldy

§s %1 3 %0

# DS$HY PTH Grpldy

#+# use Proof Template A5215H (VI): HDOVx:B — H D B [x/a]
= $T5215H g,

# wit 1371 gr = $T5215H

= $X5215H agrsoisy
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Output Files

5.1.
# wif 1375 agT5215H = $X5215H
= $AB215H fsrsaism
# wit 1444 fsrso15H = $A5215H
= $H5H5215H %0
# wif 2082 DS$SHY PTH Grpldy,, = $H5215H
<< A5215H.r0t.txt
= $T5215H
= $X5215H
= $A5215H
= $H5215H
00
4 SSHYPTH (A (= (1f¢) F) (= (e ) )
# Do0oSHY PT Ho(Nooo(Z0gg(lggg fe€g) fg) (Zogg(lgggeq fe) fg))

#4# use Proof Template K8019H: HD> (AAB) — HDODA HDOB
= $H8019H %0

#wif 2140 : SSHYPTH (A(=(fe)f)(=(lef)f), = SHS0I9H
<< K8019H.r0t.txt

.= $HS019H

%$B8019H

4 SSHYPTH (=(lef)f)  := $BS019H

i Y00oSHY PTH y(=0g9(lggg€afs) fs) = $BSOI9H

.= $A8019H

.= $B8019H

.= $FIDTY %0

#wif 2206 : S$HYPTH (=(lef)f), = S$FIDTY

#4# 4. Proofof H D e=f

NSFIDTY

# SSHYPTH (=(lef)f) = SFIDTY

4 S00oSHY PTH o(Z0yg(logaefs)fs) = SFIDTY
= S$SFIDTY

WSEIDTY

# DS$HYPTH (=(lef)e) = SEIDTY

i S00oSHY PTH y(=0gg(lyggeals)es) = SEIDTY
= SEIDTY

§s' %1 5 %0

# S$HY PTH (=¢ f)

#+# use Proof Template K8025 (Deduction Theorem): (HAI) DA — HD(IDA)

<< K8025.r0t.txt

%0
= 2 (A (Grpgl) (GrpIdO gle)) (5 (GrpldO gl f)(=e f))
# Do00(MNooo(GTPo(\1\1\3)r Irlggg) (GTPIAO 5\ 30\ 4\ 2\3)7 Irlggg€q)) - - -

-+ (D000 (GTPIdO 4\ 30\4\4\3)79rlgg9.fg) (Zogg€q.f9))

## use Proof Template K8025 (Deduction Theorem): (HAI) DA — HD(IDA)
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<< K8025.r0t.txt

%0
e D (Grpgl) (O (GrpldOgle) (O (GrpldO gl f)(=ef)))
# Dooo(GTPo(\1\2\3)7 Irlgag) - - -

-+ (D000(GTPIdO 4\ 30\ 0\4\3)7 97 lggg€9) (D000 (GTPIAO g\ 30\ 4\4\3)7 97 lggg.f9) (Z0gg€g f3)))

:= GrpldElUniq %0
# wif 4849 : D (Grpgl) (O (GrpldOgle) (D (GrpldO gl f)(=ef))),, .
GrpldElUniq

## undefine local variables
.= S$HYPTH
= $TMPDED

##
## Print Result

ki

%0
# D (Grpgl) (D (GrpldOgle) (D (GrpldOglf)(=ef))) := GrpldElUniq
# D000(G(rpo(\4\4\3)7’97’l9£79) Tt

-+ (D000(GTPIdO 4\ 30\ 4\4\3)7 97 lgg9€9) (D000 (GTPIAO g\ 30\ 4\4\3)7 97 lggg.fg) (Z0gg€g f3))) =
GrpldElUniq

5.1.94 Results for File natural numbers.r0.txt

## Peano’s Postulates

## Source: [Andrews 2002 (ISBN 1-4020-0763-9), p. 258 f.]

## Copyright (c) 2015 Owl of Minerva Press GmbH. All rights reserved.
##  Written by Ken Kubota (<mail@kenkubota.de>).

## This file is part of the work “On the Theory of Mathematical Forms”.
## For more information visit: <http://dx.doi.org/10.4444/100.10>

<< basics.r0.txt

#+# variables used
## t: domain (type of the natural numbers)

#F 7. zero

## s: successor function
#7 n: set of natural numbers
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= $F5222

:= XorCaseT Right %0
#wff 1721 =(XORzT)(~x), . = XorCaseT Right

## ¢ (TXA) =(AXT)

%XorCaseT Right
# =(XORzT)(~ux) = XorCaseT Right
# =000(XORo00oTp)(~00T0) = XorCaseT Right

#+ use Proof Template A5201b (Swap): A=B — B=A
<< A5201b.r0t.txt

%0

# =(~z)(XORzT)

i :ooo(Nooxo)(XORoooxoTo)

%XorCaseT Le ft

# =(XORTz)(~x) = XorCaseT Left

# =000(XORo0oToXo)(~00To) = XorCaseT Left

§s %0 3 %1

# =(XORTz)(XORzT)

.= XorCaseT LeftRight %0

# wit 1799 =(XORTz)(XORzT), = XorCaseT LeftRight

5.1.112 Results for File xor__group.r0.txt

##
##  Group Property of Exclusive Disjunction (Exclusive OR, XOR)
#H#

##
##  Source: [Kubota 2015 (doi: 10.4444/100.10)]

#4# Copyright (c¢) 2015 Owl of Minerva Press GmbH. All rights reserved.
## Written by Ken Kubota (<mail@kenkubota.de>).

## This file is part of the work “On the Theory of Mathematical Forms”.
## For more information visit: <http://dx.doi.org/10.4444/100.10>

<< A5229.r0.txt

<< group.r0.txt

<< xor__associativity.r0.txt

<< xor__identity__element.r0.txt
<< xor_inverse element.r0.txt

## shorthands
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= $Xab XOR,u0a0b

# wif 1707 XORab, = $Xab
= $Xbc XOR,u0boCo
# wit 1712 XORbc, = $Xbc

= $GrpAss Yoo\3)r0r - -

.- [)\ao-(vo(o\3)7—07' [)\bO'(Vo(o\g)TOT[)\CO'(:OOO(ZOOO(ZOOOa’ObO)CO)(lOOOaO(ZOOObOCO)))O})O])O]

# wif 6925 Vol[Aa.(Yo[Xb.(Vo[Ae.(=(L(lab)c)(La(lbe)]))], = $GrpAss

= $Grp[dy v0(0\3)7’0‘1‘[)‘CLO'(/\ooo(:ooo(looo@oeo)ao)( ooo(loooeoao)ao))o]

#wif 6936 : Vol[Aa.(A(=(lae)a) (=(lea)a))], = $Grpldy

= $G7“PITW \V/o(o\3)7—07'[)\ao-(30(0\3)707P\bo-(/\ooo( ooo( 000@o o)eo)( ooo( 000 oao)eo))o])o]

#wif 6939 : Vo[ha.(3o[Xb.(A(=(lab)e) (=(lba)e))])], = $GrpInv

= $XAss Yoo\3)r0r - -

.. [)\ao.(vo(o\g)ToT [Abo.(vo(o\g)ToT[/\co.(:OOO(XOROOO$XabOCO)(XOROODa0$XbCO))O])O])O]

# wit 2616 Vo[Aa.(Vo[Ab.(Vo[Ae.(=(XOR$Xabc) (XORa$Xbc))])])], . =
$X Ass XorAssociativity

= $X-[dy v o(0\3) OT[)‘ao (/\ooo( ooo(XORoooaoeo)ao)( ooo(XORoooeoao)ao))o}

#wif 6950 : Vo[Xa.(A(=(XORae)a) (=(XORea)a)), = $XIdy

= $XInv v0(0\3 OT[)\aO( o(0\3) TOT[)\b ( 000(2000$Xaboeo)(:ooo(XORoooboao)eo))o])o]

# wif 6953 : VolAa.(Fo[Xb.(A(=%Xabe) (=(XORba)e))])], = $XInv

= SXFIdy v0(0\3)7'07'P‘CLO'(/\OOO( ooo(XORoooao )ao)( OOO(XOROOOFoao)ao))o]

# wif 2850 : Vo[Xa.(A(=(XORaF)a)(=(XORFa)a)), = $XFIdy
XorldentityElement

= $XFInv V0(0\3)7’07'[)‘G/O'(Elo(o\ﬁl)TOT[)‘bO'(/\ooo(:oooﬂg)(abof?o)(:ooo(‘Xvo-Roooboao)Fwo))o])o]

# wif 6905 Vo[Aa.(Jo[Ab.(A (=8Xab F) (=(XORba) F))])], . = $XFInv

XorInverseElement

## -1

§= Grpoa\n\3)r0r X ORooo
# =(GrpoXOR) (Grpo XOR)
S\ Grpop\a\4\3)-0r
# =(Grpo) [N.(AN3GrpAss (Fo[Ae.(ASGrpldy $GrpInv)]))]
§s %1 6 %0
# =(Grpo XOR) ([\Nl.(A$GrpAss (Fo [Ne.(ASGrpldy $GrpInv)]))] XOR)
§\ [Mooo- (/\OOO$GTpAssO(EiO(O\3)ToT [Aeo-(Nooo3GrpIdy ,3GrpInv,),]))e] X ORooo
# = ([A.(ANSGrpAss (Fo[Xe.(A3Grpldy $GrpInv)]))] XOR) ...
. (AN$X Ass (Fo[Ne.(ASXIdy$XInv)]))
§s %1 3 %0
# =(GrpoXOR) (AN$X Ass (Fo[Ne.(ASX Idy$X Inv)]))

= $T1 %0
#wit 6977 =(GrpoXOR) (AN$X Ass (Fo[Ne.(A$SX Idy $X Inv)])) = $T1

o

#H# -2

§= [Aeo-(Nooo3 X 1dy,$X Inv,),|Fy

# = ([Ae.(A$XIdy$XInv)| F) ([Ae.(A$XIdy$XInv)| F)
§\ [Neo-(Nooo3 X Idy, $X Inv,),] Fy

# = ([Ae.(A$XIdy$XInv)| F)(ASXFIdy$XFInv)
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§s %1 3 %0

# =([Ae.(AN$XIdy$XInv)| F) (ANSXFIdy$X FInv)

= $72 %0

# wif 6983 : = ([Ne.(A$XIdy$XInv)| F) (ANSXFIdy$X FInv), = $72

## 3

%3 X F1dy

# Vo[la.(A(=(XORaF)a)(=(XORFa)a))] = $XFIdy
XorldentityElement

# \V/o(o\?))q—o‘r P\ao-(/\ooo(:ooo(XORoooaoFo)ao) (:ooo(XORoooFoao)ao))o] =

$XFIdy XorldentityFElement
#+# use Proof Template A5219b (Rule T): A — A=T
= $A452190 %0

# wif 2850 : Vol[la.(A(=(XORaF)a)(=(XORFa)a)), = $A52196 $XFlIdy
XorldentityElement
<< A5219b.r0t.txt
= $A5219b
= $F %0
# wif 7000 : =$XFIdyT, = $F
%812
# = ([Ae.(A$XIdy$XInv)| F)(ASXFIdy$XFInv) = $72
# =oww ([Aeo-(Nooo3 X Tdy,$X Inv,) o] Fo)(NoooS X FIdy,$ X FInv,) = $72
= $72
%S E
# =$XFIdyT = $F
# :ooo$XFIdyoTo = $E
= $E
§s %1 13 %0
# =([Ae.(A$XIdy$XInv)| F) (AT $XFInv)
= $73 %0
# wif 7002 : =([Me.(AN$XIdy$XInv)| F) (AT $XFInv), = $73
## A4
%$X FInv
# Vo[la.(Fo[Ab.(AN(=$XabF) (=(XORba) F))])] = $XFIn
XorInverseElement
# vo(0\3)7—07 [)\ao-(zlo(o\S)TOT [)\bo~(/\ooo(:ooo$XaboFo) (:ooo(XORoooboao)Fo))o])o]

= $XFInv XorlnverseElement

#7# use Proof Template A5219b (Rule T): A — A=T

= $A452196 %0

# wif 6905 Vo[Aa.(Fo[Ab.(A (=8Xab F) (=(XORba) F))])], . = $A5219b
$XFInv XorInverseElement

<< A5219b.r0t.txt
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= $A5219)

= $E %0
4wl 7019

%$1'3

$7'3
E

<5

$E
s %1 7 %0

D IFHE N I,k

## .5

%A5211

#
#
§s %1 3 %0

#

=$XFInvT, = $E

=([Ae.(AN$XIdy$XInv)] F) (AT $XFInv) = $73
~oww ( [)\eo- (A000$deyo$XInvo)o]Fo) (/\oooTo$XFInUo)

=$XFInvT = $F
=000 3 X FInv,T, = $F

= ([Ne.(AN$XIdy $X Inv)| F) A5212

=Ab212T = A5211 A5229a
=000A5212,T, = Ab211 A5229a

=([Ne.(AN$SXIdy$XInv)|F)T

## use Proof Template A5201b (Swap): A=B — B=A
<< A5201b.r0t.txt

%0

# =T ([Me.(N$XIdy$XInv)| F)

# =oww T ([Neo-(NoooS X Tdy,$ X Inv,),| F,)
%T

Y ——— = A5200t T

4 o —u—w = AB200t T

§s %0 1 %1

# Ae.(A$XTdy$XInv)| F

## .6

#+# use Proof Template K8031 (3 Gen): ([\x.BJA) — I x:B
= $78031 o

# wif 2 or = $78031

.— $B8031 %0/2

4 wit 6973 DNe.(A$XIdy$XInv)],, = $B8031
= $A8031 %0/3

# wit 20 =[x T][Ax.x], = $A8031 F
= $P8031 $B8031,F, ’

# wit 6978 $B8031 F,, ... = $P8031

<< K8031.r0t.txt

= $7'8031

= $B8031

= $A8031
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= $76 %0
# wif 6974 Jo[Ae.(N$XIdy$XInv)], = $76
#H# 7
%$T1
# =(GrpoXOR) (N$X Ass $T6) = $T1
# :Oww(GT’pO(\4\4\3)TOTXOROOO)(/\000$XA880$T60) = $T1
%816
# Jo[Ne.(ANSXIdy$XInv)] = $76
# Jo(0\3)r0r [A€o-(Nooo3 X T1dy ,$ X Inv,)o] = $76
= $7T6
#4# use Proof Template A5219b (Rule T): A — A=T
= $A452190 %0
# wif 6974 Jo[Ae.(A$XIdy$XInv)|, = $A5219
<< A5219b.10t.txt ’
= $A452190
= $TMP %0
# wif 7654 =FoNe.(N$XIdy$XInv)])T, = $TMP
%871
# =(Grpo XOR) (N3X Ass (Fo[le.(A$SXIdy 3 X Inv)])) = $T1
# zoww(Grpo(\4\4\3)ToTXOROOO)(/\OOO$XA830(EIO(O\3)TOT[)\eo.(A000$deyO$XInvO)o]))
= $T1
= $T1
%STM P
# =(Fo[Ne.(A$SXIdy$XInv)])T = $TMP
# =000(Jo(0\3)r07 [Ao-(Nooo B X T dy,$ X Inv,),])To = $TMP
= $TMP
§s %1 7 %0
# =(GrpoXOR) (N$XAssT)
= $TMP %0
# wif 7656 =(GrpoXOR) (AN$XAssT), = $TMP
%$X Ass
# Vol[Aa.(Vo[Ab.(Vo[Ae.(=(XOR$Xabc) (XORa$Xbe))])])] = $XAss
XorAssociativity
i v0(0\3)7'0’r ce

oo Ao (Vo (0\3)r0r [Abo- (Yo (0\3)r0r [ACo- (F000 (X O Ropo8 X abyco) (X O Roooo3 X bco))o])ol) ol =
$X Ass XorAssociativity

#+# use Proof Template A5219b (Rule T):
= $A52196 %0

# wif 2616

A - A=T

Vo[Aa.(Vo[Ab.(Vo[Ae.(=(XOR$Xabe) (XORa$Xbe))))])], . =

$A5219b $X Ass XorAssociativity
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<< A5219b.r0t.txt

= $A5219)

%$TM P

# =(GrpoXOR) (N$XAssT) = $TMP
# :oww(GT]OO(\4\4\3)TOTXOROOO)(/\000$XA8$OT0) = $TMP
= $TMP

%1

# =$XAssT

- =0003 X Ass,T,

§s %1 13 %0

# =(Grpo XOR) A5212

%A5211

# =Ab212T = Ab211 A5229a

# =000A5212,T, = Ab211 A5229a

§s %1 3 %0

# =(GrpoXOR)T

#4# use Proof Template A5201b (Swap): A=B — B=A
<< A5201b.r0t.txt

%0

# =T (GrpoXOR)

# =oww T (GTPo(\1\1\3)r0r X O Roo0)
%T

4 ——— = A5200t T

4 —o—o—w = AB200t T
§s %0 1 %1

# GrpoXOR

= XorGroup %0
# wit 6955 : GrpoXOR,, = XorGroup

#+# demonstrate that XOR now has type Grp_ o
8= Grpoang.or XOR

=XORXOR
%0
" — XORXOR
i =0 (Grpo(aivs)707) (Crpo0 i) -0r) X OLGrpy i ayr0r X ORGrp, 4y41)0r

#+# demonstrate that Grp_o now has type tau (type “type”)
§= = Grp,naa\3)0r

i = (Grpo) (Grpo)

%0

i =(Grpo) (Grpo)

# =orr(GTPo(\4\2\3)707) (GTPo(\4\4\3)707 )

#74+ undefine local variables

= $Xab
= $Xbc
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## Uniqueness of the Group Identity Element of the XOR Group

## Source: [Kubota 2015 (doi: 10.4444/100.10)]

#4#  Copyright (c¢) 2015 Owl of Minerva Press GmbH. All rights reserved.
## Written by Ken Kubota (<mail@kenkubota.de>).

#+# This file is part of the work “On the Theory of Mathematical Forms”.
#4# For more information visit: <http://dx.doi.org/10.4444/100.10>

<< A5223.r0.txt
<< group_ identity_element_ unique.r0.txt
<< xor__group.r0.txt

## shorthands
= $GIdOX€ GTpIdOO\3(\4\4\3)TOTXORoooeo

# wif 8464 : GrpldOo XORe, = $GIdOXe

= $GIdOXf GT’pIdOO\3(\4\4\3)TOTXOROOOfO

# wif 8466 GrpldOoXOR f, = $GIdOX f

## .1

%GrpldElUniq

# D (Grpgl) (D (GrpldOgle) (D (GrpldOglf)(=ef))) = GrpldElUniq
# Dooo(GTPo\a\1\3)rI7lggg) - - -

-+ (D000(GTPIdO 4\ 30\ 4\4\3)7 97 lggg€9) (D000 (GTPIAO g\ 30\ 4\4\3)7 97 lggg.f9) (Z0gg€g f3))) =
GrpldElUniq

## use Proof Template A5221 (Sub): B — B [x/A]

= $B5221 %0

# wif 4849 D (Grpgl) (O (GrpldOgle) (D (GrpldOglf)(=ef))), = $B5221
GrpIdElUniq ’

= $75221 7

# wit 0 : Tr = $T75221
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= $X5221 g,

# wit 1411 gr = $X5221
= $A5221 o

# wit 2 or = $A5221
<< A5221.r0t.txt

= $B5221

= $75221

= $X5221

= $A45221

# D (Grpol) (D (GrpIldOole) (D (GrpldOol f)(=ef)))
# :)OOO(Grpo(\4\4\3)7-07'l000) “ e
e (3000(GTpIdOo\?)(\4\4\3)70Tl00060)(3000(GTpIdOo\3(\4\4\3)roTlooofO)(:00060f0)))

#+# use Proof Template A5221 (Sub): B — B [x/A]

= $B5221 %0

# wif 8515 : D (Grpol) (D (GrpldOole) (D (GrpIldOol f)(=ef))),
= $T5221 000 7
# wif 35 000 = $75221

= $X5221 lgrson

4wl 6055 : lsprsgyr = $X5221

= $A5221 [)\xo-[)‘yo-(Noo(:$T5221xoyo))o](oo)]

# wif 135 Az [My.(~ (=2 y)srs001, .. = $A45221 XOR

<< A5221.r0t.txt

= $B5221

= $75221

= $X5221

= $A5221

= $TMP %0

# wif 8564 : D XorGroup (D8G1dOXe (D8GIdOX f (=ef))), ..
## 2

%X orGroup

# Grpo XOR = XorGroup

# Grpo\a\a\3)r0r X ORooo = XorGroup

#4# use Proof Template A5219b (Rule T): A — A=T
= $A452190 %0

# wif 7733 GrpoXOR, = $A5219b XorGroup

<< A5219b.r0t.txt

= $A452190

%0

# = XorGroupT

# =000 X 0rGroup, Ty,

%$TMP

# D XorGroup (D $G1dOXe (DSGIdAOX f (=e f))) = $TMP
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# D000 X 0rGroup ,(DoooSGIdO X €0(D00oSGIdOX f ) (=000€0fo))) = $TMP
= $TMP

%1

# = XorGroupT

+# =000 X 0rGroup, T,

§s %1 5 %0

# DT (D$GIdOXe (D$GIdOX f (=ef)))

= $TMP %0

# wif 8584 : DT (D3GIdOXe (DSGIAOX f (=€ f))), = $TMP

## use Proof Template A5221 (Sub): B — B [x/A]
= $B5221 :ooo(DoooToyo)yo

4wl 823 :  =(oTy)y, = $B5221 A5223

= $T5221 o ’

# wif 2 or = $75221

= $X5221 v,

# wif 34 : Yo = $X5221

= $A5221 %0/3

4wl 8563 :  OS$GIdOXe(D$GIAOXf(=ef)), = $A5221
<< A5221.r0t.txt

= $B5221

= $75221

= $X5221

= $A5221

%0

4 —$TMP (5 $GIdOXe (5 $GIdOX f (= )

# :ooo$TMPo(Dooo$GIdOX€o(Dooo$GldOXfo(:oooeofo)))
%$T M P

# DT (D$GIdOXe (DSGIdOX f (=e f))) = $TMP

4 S000To(D000SGTAOX €0(Do0sSCIAOX f o (=ooeofs)) = STMP
= $TMP

%1

4 — (5T (5$GIdOXe (D S$GIAOX f (=e f)))) (5 SGIdOXe (5 SGIdOX f (=e )
# —000(D000To(D000SGIAOX eo(DoonSGIAOX fo(Zo00tofs)))) - - -
e (OoooSGIAOX eo( D000 SGIAOX £ (=ovotofs)))

§s %1 1 %0

4 S$GIdOXe (5 $GIdOX f (= e f))

## use Proof Template K8026 (Deduction Theorem Reversed): H D (I D A) — (H A I)
DA
<< K8026.r0t.txt

%0
# S (A$GIdOXe$GIdOX f) (=e f)
o Yo00(PoooSCIAOX e, $GIAOX f,)(=000€o o)

= XorGrpldElUniq %0
# wif 8693 : D (ASGIdOXeSGIdOX f) (=ef), . = XorGrpldElUniq
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#7# undefine local variables
= $GIdOXe
= $GIdOX f

5.1.114 Results for File xor__identity__element.r0.txt

##
## Neutral Element of Exclusive Disjunction (Exclusive OR, XOR)

ik

## Source: [Kubota 2015 (doi: 10.4444/100.10)]

## Copyright (c) 2015 Owl of Minerva Press GmbH. All rights reserved.
## Written by Ken Kubota (<mail@kenkubota.de>).

#+# This file is part of the work “On the Theory of Mathematical Forms”.
## For more information visit: <http://dx.doi.org/10.4444/100.10>

<< basics.r0.txt
<< xor__case_f.r0.txt

%X orCaseF Right

# =(XORzF)x := XorCaseF Right

# =000(XORo0oxoFp) 0 := XorCaseF Right
%XorCaseF Left

# =(XORFzx)x = XorCaseF Left

# =000(XORo0oFoXo)To = XorCaseFLeft
#+# use Proof Template K8020: A,B — AAB

= $A8020 %1

#wif 1718 =(XORz F)z, = $A8020 XorCaseF Right
= $B8020 %0

# wif 1642 : =(XORFz)z, = $B8020 XorCaseF Left
<< K8020.r0t.txt ’

= $A48020

:= $B8020

%0

# A XorCaseF Right XorCaseF Le ft

# NoooX 0orCaseF Right,XorCaseF Left,

#4# use Proof Template A5220 (Gen): A — Vx: A

= $75220 o

# wit 2 or = $75220

= $X5220 z,

# wif 16 : To = $X5220

= $A45220 %0
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<< A5201b.r0t.txt

%0

§s

##
##
##

%0

%4 3 %0

$GF; := $HG; := $HxGF; := $HGxF

Print Result

5.2.140 File definitionsl.r0.txt

##
##
#Ht
##
#Hit
##
##
##
##
##
##
##

#H#t

##

##

Basic Definitions

Source: [Andrews 2002 (ISBN 1-4020-0763-9), p. 212]

Copyright (c) 2015 Owl of Minerva Press GmbH. All rights reserved.
Written by Ken Kubota (<mail@kenkubota.de>).

This file is part of the work "On the Theory of Mathematical Forms".

For more information visit: <http://dx.doi.org/10.4444/100.10>

Definition of truth

T ((={{{o,0@},0}}_={@}){{o,0}}_={e})

Definition of falsehood

F ((={{o,{0,0}},{0,0}}_[\x{o}{o}.T{o}]{o,0}){{o,{0,0}}}_[\x{o}{o}.x{o}{o}]{0,0})

Definition of the universal quantifier (with type abstraction)

A INeTHTE. DN\plHo, {733 3H{{o, t{"}}}. ((={{{o, {0, t{"}}},{o, t{" 333} _\x{t{"}}{t{"}}.

T{o}]{{o,t{" 3} {{o,{o,t{"}}}}_p{{o,t{"}}H{o,t{"}}}) {o}]{{o,{o,t{"}}}}]

##

Definition of the conjunction

& [\x{o}{o}.[\y{o}{o}. ((={{{o,@},0}}_[\g{{{o0,0},0}}{{{o,0},0}}. ((g{{{o,0},0}H{{{o

,0},0}}_T{o}){{o,0}}_T{o}){o}]1{@}){{o,0}}_[\g{{{o,0},0}}{{{o,0},0}}. ((g{{{o,0},0}}{{
{o0,0},0}}_x{o}{o}){{o,0}}_y{or{o}){o}]{@}){o}]1{{0,0}}]

##

Definition of the implication

=> [\x{o}{o}. [\y{o}{o}. ((={{{0,0},0}}_x{o}{o}){{0,0}}_((&{{{o,0},0}}_x{o}{o}){{o,

o}}_y{o}ro}){o}){o}]{{o,0}}]

##
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:= ! [N\a{o}{o}. ((={{{0,0},0}}_F{o}){{o,0}}_af{o}{o}){o}]

## Definition of the disjunction
:= | [\a{o}{o}. [\b{o}{o}. (!{{o,0}}_((&{{{0,0},0}}_(!{{o,0}}_afo}{o}){o}){{o,0}}_(!{{
0,0}}_b{o}{o}){o}){o}){o}]{{0,0}}]

## Definition of the existential quantifier (with type abstraction)

:= E I\t DN\p{H{o, t {73} H{o, t{"}}}. (" {{o,0}}_((={{{o, {0, t{"3}},{o, t{"F}}}_[\x{t{
{3} . T{o} 1 {{o, t{" 3} D) {{o,{o, t{"}}}}_D\x{t {7} {t{"}}. ("{{o,0}}_(p{{o,t{"}}}{o,t
I _=x{e {3 eI {o) {031 {{o,t{" 33 {o) {0} {{o, {0, t{"}}}}]

## Definition of inequality
:= 1= [\x{e}{ae}. [\y{e}{e}. (*{{o,0}}_((={{{o,0},0}}_x{e}{e}){{o,0}}_y{e}{e}){o}){o}]{
{o,0}}]

5.2.141 File definitions2.r0.txt

##

## Further Definitions

##

##

## Source: [Andrews 2002 (ISBN 1-4020-0763-9), pp. 231, 233]

##

## Copyright (c) 2015 Owl of Minerva Press GmbH. All rights reserved.
## Written by Ken Kubota (<mail@kenkubota.de>).

##

## This file is part of the work "On the Theory of Mathematical Forms".
## For more information visit: <http://dx.doi.org/10.4444/100.10>

##

<< definitionsl.r0.txt

## Definition of the subset

:= SBSET [\t{"H"}.\x{{o,t{ 1} {{o,t{"3}}. \y{{o,t{" 3} {{o,t{"}}}. ((A{{{o0,{0,\3{"}}
B e 0D Ho, {o, t {73 _DN\2{e {7 He {731} ((=>{{{o,0},0}}_(x{{o, t{"}}}{{o,t{"}}}_
z{t{" I Ht{" P {oP) {{o,0}}_(y{{o,t{"}}H{o,t{" 313} _z{t {3} {t{"}P) {oP) {oF 1 {{o,t{" I} {o
Y1 {{o,{o,t{" 3} {{{o,{o,t{"}}},{o,t{"}}}}]

## Definition of the power set

:= PWSET [\t{"}{"}. N\y{{o,t{"}}}{o,t{"}}}. \x{{o,t{"}}}{{o,t{"}}}. (((SBSET{{{{o, {o,
{73}, {0, \3{"}}}, "} _t{"H "D {{{o,{o,t{"}}},{o, t{"F}}}_x{{o,t{"}}}{{o,t{"}}}) {{o,{
0,t{"}}}} _y{{o,t{"3}H{{o,t{"3} P {0} {{o, {0, t{"}}}}]1{{{o, {0, t{"3}},{o,t{"}}}}]

## Definition of the uniqueness quantifier (with type abstraction)

:= E1 I\t{"H"}. D\pHo, t{" 3} H{o, t{"}}}. ((E{{{o, {0, \3{"}}},"}}_t{"}{" ) {{o,{o,t{"}}}
oDy (o, {o, {7333, {0, t{"}}}} _p{{o, t{"}}}{{o, t{" 33 {{o,{o, t{"}}}}_
E{{{o, t {73}, t 3 _y (e {3373 {o, t {73 {03 {{o, t{"}}}) {0} {{o, {0, t{"}}}}]
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